1 is connected with the existence of the product integrals Jp(l+G) and JK1 -G), the study of the inverse leads to a study of the conditions under which these integrals exist when x Yl v (l -f-G) is known to exist. Commutative and noncommutative rings are considered.
II* Definitions* All integrals and definitions are of the subdivision-refinement type; functions are from S x S to N, where S denotes a linearly ordered set and N denotes a ring which has a multiplicative identity element represented by 1 and has a norm | | with respect to which N is complete and |1| = 1. The statements that G is bounded, to the requirement that
In the following treatment it is assumed that {α, 6} is in the linear ordering of S. Thus, if {x q } n q=0 is a subdivision of {α, &}, then
Similar considerations hold for OP°, OF, and OB°. Note that if
We adopt the conventions that G(x, x) = 0 and Πί=r (1 + G ff ) = 1 if r > s. See B. W. Helton [2] and J. S. MacNerney [5] 
-
Suppose {x g }g =0 is a refinement of D. Let P t and P 2 denote Π?=i (1 + G q ) and ΠFI (1 -<?"+!_,), respectively. Thus, 
Therefore, ε > |P 3 -P 2 |, and hence, δ Π σ (l + G) exists. Lemma 3.2 implies that Ge OD° on {α, 6}. Hence, it follows from Lemma 3.4 Proof. Since we are given that y J[ x (1 + (?) exists for each subdivision {α, x, y, b} of {α, &}, it is only necessary to show that l + G-Π(l-+G)|=0.
Let ε > 0. There exist a subdivision D of {a, b} and a number B such that if {x "},=<, is a refinement of D, then
(
2 )-1 , and (4) Σ -il-GJI <e(2B)-1 . Let {«,}"=o be a refinement of D and suppose P, denotes x ΠM1 + G) for 1 sί g ^ %. Thus, Therefore, GeOM° on {6, α}. The proof of Lemma 3.5 is essentially the same as the proof of a previous result by the author [3, Theorem 4] . However, since the argument is relatively brief and the setting here is somewhat different from that in [3] , the proof is included for completeness. Proof. It follows from Theorem 3.1 that J\ x (1 + G) exists and is LIP (1 + G)]~ι for each subdivision {a, x, y, b} of {a, b}. Therefore, Theorem 3.2 follows from Lemma 3.5.
We now show that under certain restrictions the Riccati integral equation
has a solution in a noncommutative ring. Initially, we state two lemmas on the product integral solution of integral equations. Both of these lemmas are based on a result of B. W. Helton [2, Theorem 5.1, p. 310] . The hypothesis of this result has been modified to produce the lemmas given here. However, with the use of Theorem 3.1 to assure the existence of certain inverses, these lemmas can be established by arguments that are essentially the same as the one given by B. W. Helton. LEMMA 3.6 . If ( LEMMA 3.7 . If 
(a) ae S, ke N, k~~ι exists and f is a function from S to N such that f(a) = k, and (b) G is a function from S x S to N such that if {α, y}eS x S, then G e OP° on {α, y} and {y 9 α}, G(u, v) = -G(v, u) for each subdivi-

1) if {a,y}eS x S, then f(r)G(r f s) e OA° on {α, y) and f(y) -k + \'f(r)G(r, s) , and (2) if {a,y}eS x S, then G e OM° on {a, y) and
(a) ae S, ke N, k~ι exists and f is a function from S to Nsuch that f(a) -k, and (b) G is a function from S x S to N such that if {y, a} e S x S, then G e OP° on {y, a) and {a, y}, G{u, v) = -
(a) a e S, k e N, k~ι exists and n is a function from S to N such that n(a) = k, (b) G is a function from SxS to N such that if {a, y}e SxS, then G(r, s)n(r) e OP° on {a, y}, G(r, s)n(s) e OP° on {y, a], G(u, v)=-G(v, u) for each subdivision {a, u, v, y) of {α, y) and \ V \[G(r,s)n(r)Y\ =0 ,
Ja
and (c) if {a, y}e S x S, then n(r)G(r, s)n(r) e OA° on {a, y) and
n(y) = k + \'n(r)H(r, s) .
Ja
Therefore, it follows from Lemma 3.6 that if {α, y}eSx S, then He OM° on {a, y} and Again, if we suppose {a, y} e S x S and define H as before, then we know the following about H: He OP° on {α, y) and {y, a), H(u, v) 
Suppose K and L are refinements of D. Let P u P 2 , P 3 , and P 4 denote
, and Πm. (1 -G% respectively. Thus,
Therefore, jp (1 -G) 
This is a contradiction, and therefore, -G e OP° on {α, b}. There exist refinements L x and L 2 of K x and ίΓ 2 , respectively, such that ( This is a contradiction, and therefore, G e OZ>° on {a, b}. REMARK 1. B. W. Helton [2, §6] gives product integral techniques for solving certain types of integral equations in commutative rings.
